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ABSTRACT

The Concept of this study is to present the definition of Fuzzy Doubt p-ideals in Z-
algebras and investigate some of their properties. Also we found that an homomorphic and
Cartesian product of Fuzzy Doubt p-Ideal is also a Fuzzy Doubt p-Ideal. Moreover some

characteristics theorem like union, intersection are also explored.
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1. INTRODUCTION

Fuzzy mathematics is the branch of mathematics introduced by Lofti Asker Zadeh [5]
including fuzzy set theory and fuzzy logic that deals with partial inclusion of elements in a set
to simple binary “yes’ or ‘no” ( 0 or 1) inclusion. Fuzzy mathematics has its orgin on fuzzy set
introduced by Lofti Asker Zadeh [5]. Fuzzy set theory has been developed in many directions
by many scholars and has evolved a great interest among mathematicians working in different
fields of mathematics. Y. Imai and K. Iseki [2] proposed BCK- Algebras and BCI- Algebras.
Additionally, the BCKalgebra class is a proper subclass of the BCI-algebra class.

In 2017, Chandramouleeswaran [7], defined the concept of Z-algebras. Then in 2020, S.
Sowmiya [8] [9] [10] [11] [12] gave the concept of Fuzzy Ideals of Z-algebras. Following the
same route, S. Sowmiya established the definition of the Fuzzy Ideals of h-algebras and Fuzzy
p-ldeals of Z-algebras [12].

In the last two decades interest of many mathematicians has shifted to the development of
Fuzzy algebra in view of generalisation of the well-known rules of algebraic structures. Many
mathematicians have been involved in extending the concepts and results of abstract algebra.
In this ambitious work, we define a new concept of Fuzzy Doubt p-Ideal [FDpl] in Z-algebras
Az and to study some of their properties. Also we recall some basic concepts for the sake of
completeness

2. PRELIMINARIES

We first list some basic concepts which are needed for our work.
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Definition 1. [5] Consider I; be a subset of A, then it is defined as an ideal of A if it
satisfies

e (el

® w¢* k€ lgand kg € Iy imply we € ¢, for all wg, kg € A5,
Definition 2. [5] Consider (Az,*, 0) and (A¢",*, 0) be a Ay, then h : (Az,*,0) — (A¢',*,0) is
stated as Z-homomorphism of A if h¢ (w¢ * k¢) =hs (w¢) * hy (k¢) for all w ¢,x; € Ay.

Definition 3. [9] Let homomorphism of A, h: (A¢,*,0) = (A¢',*,0), then h¢ is defined as

e If h¢is one-one then A¢ is monomorphism.
e If h¢is onto then Ag is epimorphism of Aj.
e If h¢ is a mapping (A¢,* ,0) into itself, then A¢is endomorphism.

Definition 4. [5] Let A; is a non-empty set consist of a binary operation * and a constant 0
satisfying the following conditions:

e wix0=0

o O*xwi=wt

® Wi Wwi= Wy

®  w¢* kK= kK¢* wg when wy# 0 and k¢ # 0 for every we, k7€ A,.

Definition 5. [6] A fuzzy set § of A is called a fuzzy z- ideal of A if it satisfies
* 8(0) = 8¢(ws)
* S¢(wg) = {8¢(we* kg) A S¢(Ke)}, for all we, ke € Ay.

Definition 6. [8] A Fuzzy Set 6 of A, is called a Fuzzy h-Ideal of A¢ if it satisfies

* 65¢(0) = 6¢(wg)
* S¢(wexmg) = {8¢(w * (kgx1m¢)) A 8¢(kg)}, for all we, kg € Ay.

Definition 7. [7] A Fuzzy Set § of A is called a Fuzzy p-Ideal of A¢ if it satisfies

* 5¢(0) = 6¢(w2)

*  S¢(we*ng) = {8¢ ((we* kg) * (M * kg)) A 8¢(ke)}, for all we, k¢ € Ay.
Definition 8. [8] Let A, be a medial if it satisfies (w ¢ * (w ¢ * k7)) = k¢, forall w ¢, k¢ € Ay.
Throughout this work

® A, means Z-algebra,
¢ FS means Fuzzy set,
e FDzI means Fuzzy Doubt z-Ideal,
¢ FDpl means Fuzzy Doubt p-Ideal,
¢ FDhl means Fuzzy Doubt h-Ideal.

3. Main Result

Definition 9. Let (A ¢,*,0) beaA¢. AFS in A, with §, c is said to be FDzI of A ¢ if it satisfies
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° 6A< (0,z9) < 6A< (we, 70)
° 6A< (w¢, Z7) < max {6A((wf: 77), 6A€ (k¢ z¢)} for all we, kg, ;€ Az, piE p

Definition 10. Let (A ¢,*,0) beaA;. AFS in A, with 6A( is said to be FDhI of A ¢ if it satisfies
* 5A§ (01 hi) < 6Ag ((1)(, h{)

* 8a, (g he) Smax {8, ((we* (ks *1¢)), he), 84, (kg ho)} for all we, k¢, ¢ € Az, he €
h

Definition 11. A FS in A, with 6A( = (A¢,* ,0) is said to be FDpI of A ¢ if it satisfies

* SA( (0! p() < 6A( ((,(){, p()
* 84, (g pg) <max {8, ((wg* k) * (N * Ke)), he), 84, (reg, he)} for all we, k¢, ¢ € Ag,
p¢E p.
Theorem 1 Let Byin Ay satisfies wg * k; = (a)g- * 175) * (K( * 77() for all wg, kz,m; € Az. Then
Every FDzI of B, is a FDpl of B;.

Proof.

Assume that B; is a FDzI of 4.

Such that for all we, Ke, Mg € Ay, p; € p.
85,(0.1¢) < 85, (g, 1¢) (1)
85, (wg,p¢) < max {535 (wg * K¢, 7). 85, (12), Pé}
= max {535 ((wz *1g) * (g + 775)'1’6) . 5Bg(K<'P<)}

8, (wg,pg) < max {519( ((wz *1¢) * (g 77()'7’() ) 5B<(K<'P<)} (2)
From (1) and (2), We get B; is a FDpl of A.

Example 1 Suppose A,= {0, we, K, 776} the operation given by the Table 1.

TABLE 1

* w ¢ K¢ ns

0 wg | Kg | N¢

K¢ K¢ K¢ | w¢

0
0
W 0 wi | K | w¢
0
0

ng we¢ | we | N¢

Hence (A4 2+ ,0) is a Z -algebra.
We define F ;: A, = [0,1] by
§¢00,p¢)=04,8¢(w¢,p¢)=0508¢(ke,p¢)=06,6:(Mm¢,p¢)=07
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Theorem 2 Let A; be a medial A;. Then every FDpl of A is a FDzI of A,
Example 2 By above table, theorem 1and 2 proved.
Theorem 3 Let B; be a medial Az, then B; be a FDpl of Ay iff B; is a FDhI of A.
Theorem 4 Let A; be a FDpl iff for any 7€ [0,1], U, (635; T) = {wg € Ag, P, €
p/635(w5,p5) < T} is a p-ideal of A;. Where U, (5351 ‘L') * .
Proof.
Let B is a FDpl of Az and U, (635: T) # ¢ for any 7 € [0,1].
Let (a)(,p() € U, (6,3(:1) and SBz(wg,pg) <T
By definition, 85, (0,p;) < 85, (wg,p¢) <7
Thus 0 € Ug (8,,:7)
If ((wg * 175) * (K( * ng),pg) € U, (635: ‘L') and k; € U (5351 ‘L')
Then 635 ((wg * 175) * (K( * ng),pg) < 7t and 635(;((, pg) <T.
By definition, 8, (wg, p;) < max {6B( ((wz *1¢) * (g % 1), Pz) 85, (K¢, Pz)}
< max{r, 7} =t
Therefore, w; € Uy (6A(: T)
Hence, U, (6A€: ‘L') is a p-ideal of 4.
Conversely, Assume that for each T € [0,1] , Ug (6 B T) is either a p-ideal or empty of Ag, for
any w; € Ag,p( Ep,
let 6B((w€-,p¢) =1, Then w; € Uy (635: T).
Since Uy, (635: ‘L') # 0 is a p-ideal of 4.
We have 0 € Uy, (SAZ:T) and hence §, (0) <7 = SAZ(wg,pg) for all w; € Az,p, € p.
0 €Uy, (635: ’l') and hence 635(0, pg) <t= 6,3((0)(_, pg-) for all w; € Ay, p; €D
Assume 635((»(, p() < max {635 ((a)( * 77{) * (K( * 77{)' pg) , 635 (K(, pg)} forall we, kg, g €

Ay is not true.

Then there exist wg,, kz,, ¢, € Az, P, ED such that

635(0){0:27{0) > max {63( ((wfo * nfo) * (Kfo * nfo)'pfo)'aBz(Kfo'pfo)}
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Then, 63( (wfo'pfo) > Tp > max {635 ((w(o * n(o) * (Kfo * nfo)'pfo) ’ 63{ (Kfo'pfo)}

This implies that 53( (wfo'pfo) > max {635 ((wfo * n(o) * (Kfo * nfo)’pfo) ’ 63{ (Kfo’pfo)}

This is a contradiction.

Therefore, 635(0)5,)9(0) < max {635 ((wg * 77() * (K( * W{):P{O)ISBg(K(: pgo)} for all
Wz, Kz, Mg € AZ! pfo EDp.
Hence, B; is a FDpl of 4;.

Theorem S Let A; is a FDpl iff every nonempty upper level subset U, (6 By T) of p; € p, Ay,
T € Im(A) is a p-ideal.
Proof.

Let B; be a Fpl ofA;.

Assume Ug (635: T) ,TE Im(Bz) is a p-ideal.

Since Uz (85,:7) # 0, there exists w; € Ug (85,:7) such that 85, (g, pe) < 7.
Since B; is a FDpl of Az, 85,(0,p;) < 85, (w¢,p¢) for all wg € Az,p, € p.

Hence for this w; € (85,:7).

85,(0,p¢) < . implies that 0, p; € Uy (83,:7).

Now, for any we, Ke, Mg € Ay, P;ED

Assume that ((wz * 11() * (Kz * 77{)'1’5) € U, (635:1') and k; € U, (535:1'), p; €p.
Then 85, ((w; * 1¢) * (1 *ng),pg) < 7 and 85, (7, p¢) < 7.

Therefore max {635 ((‘U{ * 77{) * (Kz * 77()'1’() O, (Kz,p()} <T.
Since B; is a FDpl of A,.

85, (wg, pg) < max {535 ((wz 1g) * (g + Wz)'Pz)'5B<(Kc' Pz)} =T
Thus, w¢, p; € (SBz:T).
Hence, U (85, 7) is a p-ideal of 4.
Conversely, Let U; (535: r) 7 € Im(B;), p, € p be ap-ideal of A;.

Assume B¢ is a FDpl of A.

Let wg, Kz, M¢ € Ay P; epforanyt € Im(Bg).
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Let 7 = max {535 ((wz #1¢) * (g + 776)'176) ’ 5B<(K<'P<)}

Therefore, &g, ((wg x 1) * (kg * ng),pg) < 7 and 85, (k¢ p;) < 7.

mplies that ((w¢ *1¢) * (g * n¢). e ). (e, Pe) € Ug (85,:7)

Since Ug (85,:7) is a p-ideal.

We have w;:U, (635: T).

This proves that SBz(w(,p() <7 < max {SB( ((w( * 77{) * (K( * 77():29() , 5B<(K§,p()}.

Hence, B; is a FDpl of 4.

Theorem 6 Let B; is a FDpl of Az and let w; € Az, p, € p. Then 5B<(w¢,p<) =1, iff
(wz,p7) € Ug (635;1) but (wg, p7) € Ug (635;1) forall 7, <.
Proof.
Assume 8, (g, p;) = 7. So that (wg, p) € Ug (6B(; r).
If possible let (wg, p;) € Ug (85,5 7) for 1y < 7. Then 8, (wg,pg) < 71 < 1.
Which is a contradiction that 85, (wg, ) = T.
Hence, (wg,p;) € Ug (85,3 7) forall 7, < t.
Conversely, Let (wz,p;) € Ug (635; r) but (wg,p;) & Ug (635; r) for all 7, < T.
(w(,pg) € U, (635;1') = SBz(wg,p() <t
Since (w(,pg) € U, (635; T) forall t; <, SBz(wg,p() =T
Theorem 7 Let h;: (Az,%,0) - (B, 0) be a Z-homomorphism of Az. If Bz, is a FDpl of B;.

Then h, (Bfl) is a FDpl of A;.

Proof.
Since By, is a Fpl of B;.
For any w; € A¢, p; € p we have
5}151(3(1)(‘“(' Pc‘) = 5351 (h((w(,Pc))
2 6351 (OI, pz)
= (5351 (h((O, p())

= 8pz1(5,,)(0.P¢)
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Let (U(, K{,T]{ € A(,
Then, max {5n31(351) ((wz «1¢) * (i * 1), Pz) : 6h<_1(351)(Kf' P()}
= max {5351 he ((‘Uz « 1) * (kg *11¢), Pz) 8, he (i, Pé)}
= max {5351 ((h<(wc) * hc(nc)) * (’%(’Q) +! hz(nz))'P<>'5351h<(’fz'l’<)}
= 0p,, (hz(wz'l’z))
= 871 (Bz, (g, Pz))
From (i) and (ii) we get h; I(BG) is a FDpl.
Theorem 8 Consider h;: (Ag,* ,0) - (Bg-,*’, 0’) be a Z-epimorphism of A;. Let B; be a FS of
B;.1f h;*(B;,) is a FDpl of Aq.

Proof.

Since B, is a FDpl of B;.then h; " (B, )=h¢(w¢, p¢)
For any w; € Ag,p; € p we have, 8,15, ) = O, (he(wz.1))
> &, (0",p¢)
= Opg, (h< (o, P())
= 6z1(8,,)(0,P¢)
Let we, kg, M¢ € Ag,p; € p then then there exist a ¢, ¢,y ¢ € By.
such that ke (ag, p;) = (wg, p¢), he(Bg vc) = (g, 0¢), he (Yo 0¢) = (ng )
Now, 8, (we,p¢) = 8, (hz(“o Pz))
= max {%gl(aﬁ) ((wz #1¢) * (g + ’76)'?’6) Onz1(agy) pf)}
= max {5351 (hz ((wé #1¢) * (g * ’7()) : Pc) O, (hf(’fo Pe))}
= max {8, ((hz(fvz) ' he(ng)) * (e (ieg) hz(’k))'Pc) 05, h (12,77}

= Op,, (hz(‘%l’())
= 8718, (@, P¢)
Hence, hgl(Bgl) is a FDpl of Ag.
Theorem 9 Let h,: (Ag-,* ,0) - (Bg-,*’, 0’) be a Z-epimorphism of A;. Let By, be a fuzzy set

of By. If hgl(Bg-l) is a FDpl of A, then B, is a FDpl of B;.
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Proof.

Letk; € B; € Az, p; € p such that he(w¢, p;) = (wg, p¢)- Then
85, (5. 0¢) = 8, (hz(wzr Pz))
= 8718, (@5, 7¢)
= 81z1(a,,)(0.Pc)
= 85, h¢ (0. 7¢)
= 8p, he (0", ;)

This implies 5B§1h{(0"p5) < 5351 (K@P().

Let wg, kz,M; € By, pg € p then there exist ag, f;, 7 € Aq,
Such that he (ag, pe) = (wg, p¢), he (B pe) = (kg p) he (oo pg) = (m¢,¢)-
Now, 8, (wg,p¢) = 83, (hz(az))
< max {5h31(3ﬁ) (( ag*vg) * (S V{)rpz) : 5n31(351)(5z.rp<)}
= max {65, (h ((ac <) * (B *0)) ) O, (he(Berp2))}
= max {8, ((hc(az) « he(re)) * (he (B) + hc(ﬂ))%) 85, (he(Berpe)))

= max {5351 ((wg 1) * (reg ' 77()'?{):53(1 (hi("()'pf)}

Which implies that

85,, (wg,pg) < max {5351 ((wz « 1) * (g +' Wz)fpz) ' OBe, (hz(’fz)fpz)}
Hence, Bg, is a FDpl of B;.

Theorem 10 Let h; be an Z- epimorphism of Az and let A; be a FS in A. Then A?f: Ay >
. h h . oA
[0,1] defined by 6A§ (wg) = 6A§ (hg (wg)) for all w; € Az is a FDpl of Ay if A¢is a FDpL

Theorem 11 Let A; and B; be a FDpl of Az then A; X By isa FDplin Az X Ajz.

Proof.
Let (wg,, ;) € (47 X Az)
Sagxcin (0,0) = max {8,,(0,pz,), 82,(0, 1z, )}
< max {%(w@ Pe, ) 65, (‘U(z' PQ)}

= Oagxng ((‘%' pe) (e PQ))

Page No: 80



Journal of Informetrics(ISSN 1875-5879) Volume 20 Issue 2

Hence 6A€X3<(0,0) < 6A5X3< ((‘“Cl'p(l)' (a)(z,pzz)).
Let (“)61' wgz) , (K(l, K(Z) , (774'1'774'2) €EA; XA, D, EDP
Then, SAzXBz ((“’61'1’51)' (‘“(ZIPQ» = max {5A<(w€1'p€1)' 6B< (wlepéz)}

< max {6‘4{ (((U(l * 7}(1) * (K{1 * n{l)' pfl)' 6A{(K(1’pf1)}’
max {635 ((‘Uc'z * 174-2) * (ng * W{Z):P{Z) , 5B<(K2:P(z)}
I(max {SA( ((w(1 * 7751) * (KQ * nf1)'p§1)’ \I
= maXi Op, ((qu * 7752) * (Kzz * %)Pzz)
max {SA( (KQ’ p51)’ 63( (KZZ' pzz)}
|{ 5 ((6% *1g,) * (g, *1¢,), le \|
Az X
_ maxi ((wfz * 77(2) (K(Z * 77{2 P,
SA(XBg (Kﬁvl’ p{l’ K(z’ p{Z
I( ((wfﬂ wfz) * (7751’7752)) * ) \|

1) )
= maxi e <<(K{1. K{Z) * (77{1'7752)> Pg Pg, j
6A5><B<~ (ngl_, Pg Ke, pfz)

Hence A; X By isaFDplin Az X Ay.
Theorem 12 Let A; and B; is a FS in Az such that A; X B; is a FDpl of Az X Az. Then
(i) Either &,,(0,p;) < 84, (wg, 1) or 85,(0,0¢) < 85, (wq, pg) for all we, pg € Agz.
Gi) If SA((O, pg) < 6A((w5,p5) for all w; € A. Then either 5,4((0, pg) < 6A<(w5,p() or
614( (0' P() = 614(((‘)(' P().
(iii) If 85, (0, p¢) < 8, (wq, ) for all w; € A. Then either &,,(0,p) < 84, (wq,pg) or
6A( (0' p() = 5‘4((60(, p()‘
Proof.
(i) 5A((O, pzl) > SA((wQ,pQ) and 635(0) < 6B((w(2) for some w¢,, wg, € Az.
Then,
5A§><B( (wﬁ’ et (1)52) = max {614{ ((1)(1, pﬁ)' 63{ (wfz,pfz)}

< max {SA( (o, P{l), 535(0, Pzz)}

= OagxBq (0’ pl’cz)
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Which is a contradiction.
Hence, Either 5A€(O, p;) < SAz(a)(,pg) or 6p.(0) < (?B((wg,p() for all w; €
Az, p; €.

(i1) Let SAq(O,,pgl) < 5A<(w§1.29§1) for all w; € Az, p; €p. Assume that there exist
wg,, W, € Az,Dz,,P;, €Epz such that 5A¢(0:P(1) > 636(0)() or 636(0) >
6A((w51,p51). Then

5A¢><B<(0(: P{) = max {5,45(0' P{l)' 535(0)}
= 535 0)
8agxs, (wg, pg) = max {%(fvcy pe,), 85, (e, Pzz)}
< 6,3((0, PCZ)
= 6A§><B§(Ofip()
84, xB; (w{' P{) < 6A(><B<(0' P{)

Which is a contradiction.

Hence proved for all wg, p;, € Az.

(iii) Similarly, proved by (ii)

Theorem 13 Let A; and B; be a FS in Az, A; * B; be a FDpl of Az X Ay. Then either A; or
B; is a FDpl of Ay.
Proof.

By above theorem,

We assume 85, (0,p¢,) < 85, (g, g, ) for all wg € Az. Then either 64,(0,p¢) < 8, (wg, v¢)
or 85,(0,p,) < 85, (g, py,)-
Let SAz(O,pg) < 585(“){2'7’(2) for any w; € Az.
Then, 85, (wg,, pg,) = max {535(0' pe,)s 06, (W, Pzz)}
= 84,x8,(0,P¢, g, 1¢)

GagxBg ((0' wg) * (0, ’k)Pc) * ((0' pe. kg pe) * (0,pg,m¢, Pé)) }

< max
{ 6A§><B((0' P(K@P()

= max {(SAfx‘*f (€0.0¢ = 0,22, (wg.pz 15, pe) (0. 0.2, (kg mespr)) }
Sagxig (0,12, K2 P¢)
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= max {8, ((0 +0,p¢), (g *m¢) * (g » W{)):P() g (0,05, K¢, P}

max {SA((O *0,pz), S5, ((wz x 1) * (kg * nz)lpz)},
min {5,4{ (0,p7), 65, (e, p()}

= max {535 ((w( * n;) * (K( * 77(),29()'535("51 PC)}

Therefore,

= max

85 (@) < max {85, ((wg *1¢) * (g * 1¢),c ). 85, (1, ) . for all g, eg, ¢ € A
Hence, B; is a FDpl of 4.

By above theorem, Assume that &, (0, p;) < 8, (w;, p¢) forall wg, p; € Az and 85,(0,p;) <
6B((w5,p5) for all w; € Aj.

Then, A; is a FDpl of 4.

Hence, proved.

Theorem 14. Let A, and A¢, be two FDpl of Az, then A;, N A, is a FDplI of A,.

Example 2 Suppose A,= {0, we, K, 776} the operation given by the Table 1.

A x| 0 |wg | kK¢ Mg |A,*|0 | |Kg|Ng
4

0 0 |w¢ | kg |ne| O 0 |lw |K¢|1N¢
¢

W 0 |lwi |k |lw | wg |0 |w |Ki|lw

¢ ¢ ¢

ke | 0 | k¢ | ke [ne| kg |0 | Kke|Ke|Me

n¢ | 0 Jwe | ng (ne|ng 0 |w |n¢|ng
¢

Hence (A4 2+ ,0) is a Z -algebra.
We define F ;: A, — [0,1] by
87, (0,p¢)=0.32,8; (w¢,p¢)=043,6; (k¢,p¢)=0.76,6; (n¢,p¢)=0.87
8, (0,p¢)=0.21,6,,(w¢,p¢) =0.54,6¢,(k ¢, p¢) =0.65,6,,(n¢, p¢) =098

6{1U{2 (0, P () = 032, 6(1U<2 ((1) o, P {) = 054, 8{1U{2 (K o P {) = 076, 6{1U{2 (T] o, P ()
=0.98
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8¢,ng, (0,p¢) =021, 8¢ ng,(w¢,p¢) =0.43,6¢,n¢, (K¢, p¢) =0.65,8¢,n, (¢,
p<¢)=87

Theorem 15. Let A;, and A;, be two FDpl of Ay, then A; U A¢, is a FDpl of A.
Corollary 16. Let Ag,, Ag,, v, Ag, be a FDpl of Az, then A ¢ is a FDpl of 4.

Theorem 17. Let A;, be a FDpl of Az, then A; ¢ be a FDpl of Az, where i denoted positive
integer.

CONCLUSION

Through this work, we present the definitions of the Fuzzy Doubt p-ideals and study some
relationship among these types. Also, we can study the notion of the Fuzzy Doubt p-Ideals in
Z-algebra. We look to extend the idea of Zalgebras in the fuzzy ideal which plays an important
role. Also, we proposed several theorem of Fuzzy Doubt p-Ideals in Z-algebras. Along the
above notion we can be proceeding for further developments of intuitionistic doubt fuzzy z-
algebras in alternative branches of algebra.
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